Torsional vibration of wind turbines can be excited by the small electrical disturbance from the power system, which can cause damage to the shaft. In this paper, based on the established model of fixed speed induction generator (FSIG), the small signal model of the FSIG-based wind farm is developed according to the step by step transfer of the state variables of the differential equations. Then through similarity transformation of the state matrix, a novel equivalent model of the multi-machine infinite-bus system is derived. In this model, the original N-FSIG wind farm is decomposed into N-1 identical independent single-machine infinite-bus subsystems and one modified single-machine infinite-bus subsystem. Finally, simulations are performed in Matlab/Simulink and results comparison between the small signal model without equivalence and the proposed equivalent model is conducted extensively. The results show that the torsional vibration modes are reserved completely in the reduced order equivalent model. In addition, the obtained torsional vibration frequencies match well with those from the small signal model without equivalence, indicating the effectiveness and robustness of the equivalent model. Through modal analysis, it is also found that the torsional vibration is excited in both the disturbed FSIGs and the undisturbed ones. Besides, the obtained results are also verified through time-domain simulation.
Introduction
Nowadays, environmental concerns are driving the evolution of using alternative energy to replace traditional fossil fuels. Wind energy has gained much attention in recent years worldwide. It is predicted that by 2020, the global wind power capacity will exceed 1750TWh and may approach 3900TWh by 2030 [1] . Though variable speed wind turbines are more popular for their high efficiency, fixed speed wind turbines are still in great share for early wind farms in China. As the key component of a wind turbine shaft, gearbox failure is the most frequent mechanical faults in induction machines, with the replacement cost as high as 13% of the wind turbine cost in China [2] . The faults in gearbox are classified as tooth breakage, tooth root crack, surface wear and spalling [3] , which has a great impact on the secure operation of the power system.
Torsional vibration is an inherent problem for wind turbines, which can directly cause damage to the gearboxes when it is present in the shafts [4] . Turbulent winds and gusts can excite modes leading to torsional vibration in the drive-train, which in turn produce large stresses on components. Ultimately, this may reduce the lifetime of components, such as wind turbine gearboxes [5] . When torsional vibration is present in the drive-train, they would be converted into electrical power oscillations, which is highly undesirable for the operation of the power system. Moreover, electrical oscillation may also exit the torsional vibration of the shaft. The reason is that the interaction between the mechanical and electrical systems will result in electromechanical resonance when the damping is weak or negative [6, 7] .
The probability of occurrence of shaft torsional vibration increases as the size of wind turbines increases. Thus, accurate models of wind farms are necessary for torsional vibration study. Large-scale wind farms usually consist of numerous wind turbines of different types, which poses great challenges in modeling the wind farms. Simplified models of wind farms have been exploited profoundly in [8] - [12] . For example, in [8, 9] , the equivalent models are developed based on a dynamic individual wind turbine for calculating generator mechanical torque or electrical power according to the incoming wind. In the model, the generator mechanical torques or electrical powers of each individual wind turbine are aggregated. This modeling method may present high order equations if a wind farm has a large number of wind turbines. In [10] , instead of using a dynamic simplified model of each individual wind turbine, a reduced model of one single equivalent wind turbine is presented for representing the DFIG based wind farms. It is expected to receive equivalent wind from the power curves and the incoming wind of each wind turbine. In [11] , an aggregate model for the wind farm is established by using a probabilistic clustering method and the wind park made up of fixed speed induction generators (FSIGs) is integrated into a single reduced-order model in [12] . The equivalent models are both effective as has been verified by the results. However, as the wind farm is reduced to one single equivalent turbine, the torsional vibration modes are only partially maintained, which is not unacceptable in practice. Therefore, the equivalent model of wind farms suitable for torsional vibration analysis is urgently needed.
In this paper, an equivalent model of FSIG-based wind farm is established for its still high share and frequent failure. Based on the small signal model of FISG established, a two-FSIG infinite bus system is studied first for equivalent method analysis. It is found a two-FSIG system is decoupled into a single FSIG and a modified FSIG. Then the same method is applied to develop the equivalent model for an N-FSIG wind farm, which is decomposed to N-1 identical FSIGs and a modified FSIG. The novel equivalent model of the multi-FSIG wind farm is quite appropriate for torsional vibration analysis with the mathematical model order decreased significantly. At last, the equivalent model is demonstrated through simulations, where the torsional vibration modes are found to be in consistency with those of the small signal model without equivalence. Moreover, the validity of the equivalent model is also verified though time-domain simulation. The proposed reduced order equivalent model can greatly simplify the modeling complexity of real wind farm consisting of numerous wind turbines without compromising the accuracy.
The contributions of this paper are: i) proposing a general method of establishing the small signal model for FSIG-based wind farms; ii) discovering that when a wind turbine is subjected to a small disturbance from the power grid, shaft torsional vibration will be excited not only in the unit but also the other ones; iii) putting forward an reduced order equivalent model for shaft torsional vibration analysis of the wind farm, where the vibration modes are reserved completely.
The rest of this paper is organized as follows: Section II introduces the mathematical model of a two-machine infinite-bus system and its state-space representation. In Section III, the derivation of the proposed equivalent model is analyzed in detail. To validate the proposed equivalent model, the performance comparison is carried out in Section IV. Finally, conclusions are conducted in Section V.
Mathematical Model of a Two-machine Infinite-bus System
The diagram of a two-machine infinite-bus system is shown in Fig. 1 . The wind turbines are modeled fixed-speed induction generators and two wind turbines form a single unit in parallel connection and then connected to the infinite bus through a transformer and transmission line. Based on the small signal model for FSIG established in [13] , the small signal model of the two-machine infinite-bus system is shown in Fig.2 . It consists of the wind turbine model (including models for the shaft and the generator), parallel-connected compensation capacitor model, cable model and transmission line model. Additionally, a transformation capacitor model is employed to convert the current signals into voltage signals so that the wind turbine model and the transmission line model can be successfully connected. In order to decrease the influence of the transformation capacitor, the value is extremely small. In this paper, a lumped three-mass shaft model is utilized to represent the drive train. For the induction generator, its five-order transient model is adopted. "  " equivalent circuit model is used for the cable connection in the wind farm [14] - [17] . The transformer is also represented by the "  " model including a parallel-connected capacitor and a series-connected resistor, which can be merged into the transformation capacitor model and transmission line model. The small signal state-space equations of the two-machine infinite-bus system are provided in (1) and (2) . Each represents the small signal state-space equation for the wind turbines WT1 and WT2, denoted by U1 and U2, respectively [13] .
With [ ] 
Where XM(AM), XG(AG), XC(AC) and XCable(ACable) are the state-space representations of the shaft model, generator model, parallel-connected compensation capacitor model and cable model, respectively. 
As the two wind turbines operate in parallel, the following constraints in (3) and (4) must be satisfied.
The total output current of the two wind turbines equals to the input current of the second model (transformation capacitor model).
The voltage of the transformation capacitor is equal to the cable voltage.
where subscript TC represents the transformation capacitor; UTC and YTC are the input and output of the transformation capacitor and XTC is its state-space representation. The mathematical model of the two-machine infinite-bus system can thus be achieved, as expressed in (5). 
represents the correlation between the wind turbine and the transformation capacitor; UGrid is the input of the grid; XRL is the state-space representation of the transmission line. 
By substituting (3) and (4) into (5), we can get equation (6) , equation (6) can be further simplified as (7), 
Equivalent Model of Wind Farm for Torsional Vibration Analysis
Practical large-scale wind farms are usually equipped with a large number of wind turbines in different types. To carry out torsional vibration analysis on wind farms, it is of significant necessity to obtain their equivalent simplified models. Two-machine infinite-bus operation mode is always employed in practice because of its simplicity, and hence, we start from the modeling of a two-machine infinite-bus system, where the two wind turbines are assumed to be the same. From previous section, the state-space matrix of the two-machine infinite-bus system is given in (8) . 
Obviously, sys A _2 is symmetric and it can be converted into an orthogonal one by using matrix transformation, represented by  sys A _2 [18] . 
From (10), the original two-machine infinite-bus system can be decomposed into two independent subsystems. One is the single-machine infinite-bus system and the other is the modified single-machine infinite-bus system, where the output current of the cable model is multiplied by 2 and then connected to the adjacent model. In this way, the order of the state-space representation for the original system is greatly reduced, helping reduce the computational and simulation complexity. Therefore, the equivalent model for the two-machine infinite-bus system is illustrated in Fig. 3 .
In order to model a multi-machine infinite-bus system as shown in Fig. 4 , identical modeling approach is adopted. The state-space matrix of the multi-machine infinite-bus system is given in (11) . Figure 4 . Small signal model of multi-machine infinite-bus system. Figure 5 . Equivalent model of the multi-machine infinite-bus system.
Consequently, the original multi-machine infinite-bus system can be decomposed into N independent subsystems including N-1 single-machine infinite-bus system and a modified single-machine infinite-bus system, where the output current of the cable model is multiplied by N and then connected to the adjacent model. The equivalent model of a multi-machine infinite-bus system is shown in Fig. 5 . This modeling method can be applied to a wind farm consisting of a large number of wind turbines with the same parameters.
Simulation Results
Based on equivalent model of a multi-machine infinite-bus system derived in the previous section, simulations are conducted on the FSIG-based four-machine infinite-bus system by using Matlab/Simulink. For simplicity, the wind turbines studied in this paper are assumed exactly the same. The parameters for wind turbines and other electrical components are given below. 
Modal Analysis of Four-machine Infinite-bus System
To compare the performance of the proposed equivalent model with that of the small signal model on the four-machine infinite-bus system, the complete simulation results including all vibration modes and participated factors based on both models are given in Table 1, Table 2, Table 3 and Table 4 . From the simulation results given in Table 1 and Table 3 , it can be easily observed that the vibration modes achieved from the proposed equivalent model are greatly reduced from 27 modes to 6 modes, which can avoid "dimension disaster" in large wind farm analysis. Table 1 lists the vibration modes achieved from the small signal model of the four-machine infinite-bus system. Eigenvalues can be obtained by calculating the eigenvalues of the state-space matrix _4 sys A of this system. The imaginary part of the eigenvalues represents the vibration frequency (rad/s). The torsional vibration frequency (Hz) is listed in column 2 by dividing the imaginary part by 2π. The real part shows the stability of the vibration mode. If the value is negative, the vibration will converge and the system under the corresponding mode is stable. Otherwise, if the value is positive, the vibration will diverge and the system is not stable. Damping ratio can be further obtained according to the real part of the eigenvalue. Table 2 shows the participation factors of the small signal model. However, not all modes are related with shaft torsional vibration. It is the same with the analysis of other participation factors in Table 2 . The corresponding vibration frequencies of mode 19(20), mode 24, mode 26(27) are 12.559Hz, 1.959Hz, 0.660Hz, respectively. As analyzed in the previous section, in the proposed modeling method, a four-machine infinite-bus system can be decomposed into two subsystems: 1) one made up of three independent single-machine infinite-bus systems; 2) one modified single-machine infinite-bus system. Thus to derive the torsional vibration modes of a four-machine infinite-bus system is to calculate the torsional vibration modes of the modified single-machine infinite-bus system and the independent single-machine infinite-bus respectively. Table 3 and Table 4 shows the vibration modes and participation factors of the modified single-machine infinite-bus system in the proposed equivalent model. By analyzing the participation factors in Table 4 , it is found that mode 3 and mode 5 are dominated by ω , which are the state variables of the blade and the low speed shaft respectively. Therefore mode 3 and mode 5 are vibration modes related with the shaft. The corresponding vibration frequencies of mode 3 and mode 5 are 12.5586Hz and 0.6589Hz respectively. Furthermore, the torsional vibration modes of the single-machine infinite-bus system are 1.7214Hz and 12.4253Hz, which is the same with those shown in [13] . The vibration frequency of the low speed shaft is 12.4253 Hz and that for the high speed shaft is 1.7214 Hz.
Though many vibration modes are listed in Table 1 and Table 3 , but not all modes are related with the shaft. As the sensitivity analysis conducted through the calculation of participation factors, mode 17, 18, 19, 20, 24, 26, 27 in Table 1 and mode 3, 5 in Table 3 are the torsional vibration modes related with the shaft. All the torsional modes are listed in Table 5 and Table 6 . Based on the simulations on the small signal model in Table 5 , torsional vibration can be excited at frequencies of 1.9588Hz, 0.6599Hz, 12.4305Hz and 12.5587Hz. As for the equivalent model in Table 6 , torsional vibration can be excited at frequencies of 1.7214Hz, 0.6589Hz, 12.4253Hz and 12.5586Hz. From the simulation results, we can see that both the obtained torsional vibration frequencies and damping ratio of the equivalent model match well with those from the small signal model, especially at high frequencies. The proposed modeling method can accurately represent the original system when dealing with the torsional vibration analysis.
In order to further analyze the simulation results obtained from both models, Fig.6 shows the torsional vibration modes obtained from simulations. "×" represents the torsional vibration modes achieved from the small signal model of the four machine system and "○" represents the torsional vibration modes achieved from the proposed equivalent model. From the results we can easily see that there is a small difference of torsional vibration modes at low frequencies while torsional vibration modes match quite well at high frequencies. Figure 6 . Shaft torsional modes of four-machine infinite-bus system.
Time Domain Simulation
To validate the results obtained from the equivalent model, time domain simulation is conducted on the four-machine infinite-bus system in the Matlab/Simulink. The shaft torques of the four FSIGs is shown in Fig.7 . The bus voltage of WT4 drops 2% at 4s and recovers at 4.05s. The small disturbance is set to excite the shaft torsional vibration of the drive trains. From Fig.7 (a) , (c), (e) and (g), it is found that the shaft torques of the four FSIGs are almost the same. The shaft torques fluctuate at a wide range during the starting process. After 2s, the torques are stable and converge to a constant value, at 1×104 Nm. Thus the FFT analysis is conducted during 2s and 6s. At 4s, the shaft torsional vibration is excited by the 2% voltage sag, which is shown clearly in the partially magnified figures. The maximum shaft torque is about 1.05×104 Nm during the transient process. The torsional vibration is damped completely at about 5.5s. In order to identify the vibration frequency, FFT analysis in conducted for the four FSIGs, shown in Fig.7 (b) , (d), (f) and (h). Neglecting the DC components, there are mainly two kinds of oscillation frequencies in the four figures. The high frequency is about 12.45 Hz for WT1, WT2 and WT3, with the low frequency about 0.71 Hz. For WT4, the high frequency is 12.54 Hz and low frequency 1.94 Hz. The frequencies are almost the same with those shown in Table 5 , which are obtained from the small signal models without equivalence. The results in Fig.7 are also in consistence with the vibration frequencies in Table  6 , which verifies the proposed equivalent model. The effective equivalent model simplifies the analysis of shaft torsional vibration for large wind farms greatly. 
Conclusion
This paper proposes a novel equivalent model of large wind farms for shaft torsional vibration analysis, which can significantly reduce simulation complexity. After establishing the small signal model of the wind farms, the equivalent model is achieved through conducting matrix transformation of the state matrix. The validity of the equivalent model is demonstrated through both modal analysis and time domain simulation. The conclusions are summarized as follows:
This paper puts forward a method that the state variables of the differential equations transfer step by step. Based on the method, the small signal model of multi-FSIG based wind farms is established.
The small signal model for a four-FSIG wind farm is developed. After imposing a small electrical disturbance on one wind turbine, it is found that the shaft torsional vibration is excited not only in the disturbed one but also the undisturbed ones, even a tendency to amplify.
The original wind farm consisting of N wind turbines can be easily decomposed into N-1 identical independent single-machine infinite-bus subsystems and one modified single-machine infinite-bus subsystem. The small signal models for both subsystems can be derived from that of FSIG. Instead of developing high order precise mathematical model for the wind farm, shaft torsional vibration can be researched easily with the reduced order equivalent model. After equivalence, the dimension disaster is avoided during the torsional vibration research of wind farms.
